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Abstract

Let £ be a Hermitian-holomorphic vector bundle with compatible Chern connection V, defined
on the complement of R” inside a polydisc A € C". The main result of this note provides a neces-
sary and sufficient condition for unique extension of £ to A, namely that the curvature Fy, when
contracted with a non-vanishing holomorphic vector field £, is d-exact. Applications to remov-
able singularities for anti-self-dual connections across a real line in C? and solutions of the static
monopole equation across a point in R? are also given as corollaries. © 1999 Elsevier Science B.V.
All rights reserved.
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1. Introduction

For every unitary vector bundle on a complex manifold there is a one-to-one correspon-
dence between unitary connections V with curvature form Fy of type (1, 1), and compatible
holomorphic structures. Since the appearance of the removable singularities theorem of Uh-
lenbeck [12], criteria for the extendibility of unitary gauge fields across subsets of Euclidean
space have evolved from L? — “finite energy” — curvature assumptions, but as we hope to
indicate in this note, another line of investigation is opened by considering the associated
holomorphic structures. In particular, the interplay between unitary connections of curva-
ture type (1, 1) and holomorphic connections will be seen to provide an alternative (though
possibly related) class of removable singularities theorems.

! E-mail: aharris @maths.adelaide.edu.au

0393-0440/99/$ — see front matter © 1999 Elsevier Science B.V. All rights reserved
PIIS0393-0440(98)00034-5



152 A. Harris/Journal of Geometry and Physics 29 (1999) 151-160

Fundamental to the following discussion is the role played by Hartogs figures in C”. A
typical Hartogs figure H consists of a union of two sets, the first of which corresponds to
the cartesian product of a polydisc D € C”~! with an annulus A C C, while the second
corresponds to the product of an open ball strictly contained in D with a disc which “fills
in” the annulus. Their utility in a wide range of extension problems, from continuation of
holomorphic and meromorphic functions to extension of analytic subvarieties and coherent
analytic sheaves, has been surveyed by Siu [11], drawing together in this work the results
of several authors.

The role of holomorphic connections as a means of extending complex vector bundles
across compact regions, or analytic subvarieties of codimension two or more, has been
examined by Buchdahl and the author in [4], while an application to continuation of unitary
gauge fields, and in particular anti-self-dual Yang-Mills fields, has been exposed in [7].
Given a holomorphic vector bundle £ on a Hartogs figure H, the essential idea is first to
trivialise £ over the polydisc D. If £ denotes a non-vanishing holomorphic vector field on
H, tangent to the annular fibres A, then existence of a holomorphic Lie derivative Lg acting
on sections of £ (i.e., a holomorphic relative connection, which provides a canonical “lift”
of £ to the total space of £) determines a trivialisation on H by covariantly constant frames,
provided holonomy is trivial. Now the second component of H consists of simply connected
discs parametrised by an open ball inside D, and holonomy is parametrised complex-
analytically, hence uniqueness of analytic continuation implies that trivial holonomy over
the ball extends to D. Unique extension of £ to the smallest polydisc containing D x .4
then follows directly.

Let T X denote the smooth tangent bundle of a complex manifold X. A holomorphic vector
bundle £ is said to be “Hermitian-holomorphic™ if it is equipped with a Hermitian structure
and a uniquely determined unitary connection V : C*(X,€) - C®X, T*X ® &),
“compatible” with £ in the following sense. V corresponds to d + A9 + A% in any
unitary frame, where the second and third terms are matrix-valued one-forms in dz and dz
respectively, such that A0 = —(A%1)* (“x” denoting the Hermitian adjoint). Moreover,
A% 4+ A0 A A01 = 0 together with the Newlander—Nirenberg theorem for holomorphic
vector bundles [2,5] imply that 8 + A%! locally determines the holomorphic structure dg.

Given K a compact subset of a domain £2 C C”, and X := £\ K, assume the existence
of a “Higgs field” ¢ € C*(2 \ K, £ @ £*) [9] such that

Iy = Fvl§, ¢))

the second term denoting contraction of Fy by &. This was seen in [7], Corollary 3, to
provide a sufficient condition for existence of a holomorphic Lie derivative Lg, and hence
for unique extension of £ across K. In particular, when K = {0}, £2 corresponds to a ball
B C R* and V is an anti-self-dual connection, (1) is effectively equivalent to the “finite
energy” condition

| Folf? := / —tr(Fy A %Fy) < 00
B\{0}
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(where % Fy denotes the Hodge dual) used by Uhlenbeck. The L2-curvature hypothesis has
also been applied by Bando [3] to extend Hermitian-holomorphic vector bundles across the
origin in C2.

The concern of the present note, however, is in applying condition (1) to the unique
extension of Hermitian-holomorphic vector bundles across totally real submanifolds. In
particular, let A C Cr* k=0,1,n>2, represent a polydisc, and R2"—* denote the
set of (z) € C?"~* such that the imaginary part Im(z;) =0, 1 < j < 2n — k. Moreover,
define H'-? to be a sub-bundle of the holomorphic tangent bundle of C2*~*, such that for
all p € C* 7%,

d d k
H!-0 :— span, { +i—,1<'§[n——]},
4 paiic 0221 dza; T J 2

where brackets [ ] here denote the integer part.

Theorem 1. Consider £ — A \ R*"~* a Hermitian-holomorphic vector bundle, and & a
non-vanishing section of H''° over A. Then there exists € C®°(A\R* % £ E*) such
that

3y = Fy &

if and only if there exists a unique holomorphic extension & > A such that € | A\ g2+ = E.

If » : C"*1\ {0} > CP,, denotes the natural quotient map, an example of a holo-
morphic vector bundle over C™ \ R™ which admits no holomorphic extension is £ :=
n*T'OCP,, |cm\gm, m = 2n — k > 3. If £ were extendible to C™ in this case, it would
of course be trivial. As in [4], where n*T1-OCP,, is shown to define a non-trivial bundle
over C"*1\ {0}, the proof of non-triviality rests on the fact that the vanishing locus of a
holomorphic function of two or more variables cannot be contained in a totally real subset.

When a Hermitian connection splits into V = V!:® 4 3, such that

V!0 + 9% =0

(i.e., the curvature Fyi.o has bi-type (2, 0)), then £ admits a holomorphic connection. A
global corollary of Theorem 1 is the following.

Corollary 1. Consider M™ a real-analytic manifold, and a complex manifold X™, m > 3,
corresponding to the complexification of M. Let £ — X \ M be a Hermitian-holomorphic
vector bundle. If £ admits a holomorphic connection, then there exists a unique extension
& > X. Moreover, if X is a Stein manifold, then & exists if and only if £ admits a
holomorphic connection.

Given M real-analytic, the complexification X can always be constructed as a Stein
neighbourhood containing M as the fixed-point set, or “real slice”, of an anti-holomorphic
involution corresponding locally to complex conjugation on X . In many instances M com-
pact gives rise to a natural compactification of X, as for example M = S X =Gr 2,4)

[6].
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A Hermitian-holomorphic vector bundle £ corresponding to an anti-self-dual gauge
field on R* \ R? is necessarily trivial, since Fy is of type (1,1) with respect to any
metric-compatible complex structure on R*. In particular, any complex structure for which
R*\ R? corresponds to C?\ C yields a trivialisation of the associated Hermitian-holomorphic
vector bundle via the Oka~Grauert principle [8], and consequently the smooth anti-self-dual
connection extends uniquely to R*. Such extensions do not exist in general, however, as
a holonomy-classification of singular Sobolev connections, due to Sibner and Sibner [10]
has explicitly revealed.

When £ is a Hermitian-holomorphic vector bundle defined on the complement of a totally
real line in C2, the existence of a holomorphic Lie derivative L¢, together with the method
of continuation by Hartogs figures, is easily seen in Corollary 2 here to generalise the result
of [7], corollary 3, as applied to extension of anti-self-dual gauge fields defined initially
on the complement of a point in R*. A further consequence of this result is a removable
singularities criterion for solutions of the static Bogomolny equation — viewed as a time-
independent reduction of the Yang-Muills equation — defined initially on the complement of
a point in R’

2. Unique extension of Hermitian-holomorphic bundles

Given a polydisc A © C*7%, n > 2, k = 0,1, recall the definition of H'¥ as a
sub-bundle of the holomorphic tangent bundle of C2n—*  such that for all p € C2n—k,

0 0 k
H1O .= span [ +i——,1§'<|:n—-i|},
r paic 02251 022 /= 2

Theorem 2. Consider € — A\ Rk 4 Hermitian-holomorphic vector bundle, and & a
non-vanishing section of H'"0 over A. Then there exists € C®(A\R*" %, £ ® £*) such
that

3y = Fy ¢

if and only if there exists a unique holomorphic extension & = A such that [ a\R2e—+ = E.

Proof. The argument will be simplified slightly if the following C-linear change of coordi-

nates is imposed on C*" % Let wa;_ = z2j_1, w2 i= 22j-1 +iz2j, 1 < j < [n—k/2],
and wa,_| := zon—1. Now consider @ : C** — C" % where w(w) = (@) such that
Wi =wnj, 1 <j<[n- %], and without loss of generality, assume £ = 9/9dw;. Let

R denote the image of R2"—* ynder the above coordinate transformation, determined ex-
plicitly by the equations Im(w2; ;) = 0, Re(ws;-1) = Re(wz;), 1 < j < [n — k/2],
and Im(w3,-1) = 0. Consequently w ~ 1 (@) determines an n-dimensional complex sub-
space of C>"* such that for all b € @ (A), k = 0 implies % N @~ (W) consists of a
unique (w) such that wy;_| = Re(w;), wz; = w;, 1 < j < n. Alternatively, k = 1
implies }® N @~ (@) = (w) such that wyj_1 =Re(W;), wy; =w;, 1 <j<n-—1,and
Im(ws,—1) = 0. Choose p € RN A, and for ¢ € R4, define
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N(p, &) := {(w) € A |Re(w2) € (Re(wz(p)) — &, Re(w2(p)) + &)}
Moreover, for R > ¢, let
Tp(R, €)== ((w) € N(p, &) | w1 — Re(wz(p))| < R}
so that
{(w) e N(p, &) | lwi —Re(w2)| < R — ¢} C Tp(R, €).

Let w : C¥k — C¥*~! be the projection which deletes w;. Then T (N (p, £)) is a
2n — k — 1-dimensional polydisc, and N'(p, £) \ % contains

N(p,e)\ Tp(R, &) =n(N(p, &) x {w) € C| R < |w; —Re(w2(p))| < S}.
Now let
Dp == {(w) e N(p, &)\ Tp(R, &) | w1 = ¢} = (N (p, &) € C 1,

and observe that £ |p,= Oy, by the Oka—Grauert Principle. The construction of an
appropriate Hartogs figure is carried out in each of two cases as follows.

Case 1: k = 0. Choose g in T(N(p, €)) minus the set of 7(w) such that wyj-1 =
Re(ws;j), 2 < j < n, and asufficiently small open neighbourhood B, such that ! (BN
% = @.Now B, := 7~ (B;)NN(p, €) has B,N D, = By, hence define H, := (N (p, £)\
Tp(R,€) U B,.

Case 2: k = 1 Choose g in (N (p, €)) minus the set of 7 (w) such that Im(w,,_;) = 0,
and a sufficiently small open neighbourhood B, such that ! (B4) "R = . Hence define
H), as above.

The open sets N (p, €) \ Tp(R, ) and éq have the property that, for ¢ and R suffi-
ciently small, holomorphic frames f;, f> of £ may be defined on each set, once again as
a consequence of the Oka—Grauert Principle. Relative to local complex coordinates on A,
let £ correspond to 0/dwj. Recall that Fy is of type (1,1), such that with respect to any
V-compatible holomorphic frame of &, A%l = 0. Locally,

1,0
Fyl§ = 5y———dw,
ow,
so that Fy |& = 8y implies that A}’O — ¥ is a holomorphic matrix. Now if fp, denotes a
holomorphic frame of £ restricted to D, a new holomorphic frame f, may be constructed by
“parallel propagation” of fp, along the fibres of 7. With respect to Vll’o = d/3w +Ai’0—lfl,
such a “covariantly constant” frame on A (p, &) \ T, (R, ¢) satisfies the ordinary differential
equation and initial data
afn 1,0 ' U
——+ (A - =0, f(p)=1p,(p) @

forallp’ € Dp.Sincen™ Y (p' NN (p, e)\T,(R, €)) is an annulus, it follows that a well-
defined solution of (2) may be obstructed on each fibre by holonomy, i.e., an automorphism
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a € GL(r, C) such that for a circular path v,y C x! {m(PH)NWN(p, &)\ T,(R, €)), where
¥p(0) = yp (1) = p/, we have f (v (1)) = & - £ (v (0)). Now let fp, := g - fp, denote
a holomorphic gauge-equivalent frame on ﬁq N D,. Then a simple gauge transformation
of (2) indicates that f; := § - f,, (with respect to an extended gauge transformation g on
N (p, &)\ Ty(R, £)) N B,) satisfies

af,

o+ A’ =0, £(p)=fp,(p) 3
wi

for all p’ € D, N B,, where

A=A -y g+ —;—g
w1

Given that 7~ (m (p")) N ﬁq is simply connected, however, it follows that holonomy asso-
ciated with solutions of (3) must be trivial, and since it varies holomorphically along D),
the holonomy o associated with (2) must also be trivial by uniqueness of analytic contin-
uation. f; thus extends to a covariantly constant holomorphic frame on H),, and hence on
N(p, £) \ ® by homotopy equivalence of paths. If a constant frame corresponding to the
standard basis of C" is now chosen on N'(p, £), then the holomorphic gauge transformation
g :=f; extended to A'(p, ) \ R yields this constant frame as a local extension of £, with
8/0w as the local representation of Vll 0, Clearly the entire procedure may be carried out
for any point p € ANR. Hence & extends to A, and uniqueness follows automatically from
the fact that all holomorphic vector bundles on A are trivial. Conversely, given the trivial
extension £ — A, 3(Fy |&) = 0 automatically implies Fy |£ is 3-exact by the Dolbeault
lemma.

Remark 1. It is interesting to compare the extension method above with one commonly
employed to extend holomorphic functions, initially defined on C™ \ R” for all m > 2. In
particular, when m = 2, a biholomorphic coordinate transformation of the form (w;, ws) =
(z1 + iz%, z2) allows the image of R? to be spanned locally by a standard Hartogs figure,
and hence a holomorphic function f, composed with the above transformation, extends
uniquely across the image. Each annular fibre of the Hartogs figure encompasses either two
points of the image of R? or none, depending on whether the imaginary part of the fibre
coordinate is non-negative or negative. Accordingly, the homotopy of loops associated with
each fibre is either freely generated by two distinct classes, or trivial. Note that while this
has no effect on the definition of an extension f of f, it clearly obstructs the trivialisation
of a holomorphic vector bundle on the Hartogs figure, since parallel transport of frames
need not be well-defined.

Corollary 2. Consider M™ a real-analytic manifold, and a complex manifold X™, m > 3,
corresponding to the complexification of M. Let £ — X \ M be a Hermitian-holomorphic
vector bundle. If £ admits a holomorphic connection, then there exists a unique extension
& > X.Moreover, if X is a Stein manifold, then € exists ifand only if € admits a holomorphic
connection.
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Proof. For every Hermitian-holomorphic vector bundle, the curvature Fy of the compatible
Hermitian connection determines a cohomology class

ws € HY(X\ M, OT'"’X)* Q£ ®EY),

where (T 19 X)* denotes the holomorphic cotangent bundle. The class wg defines the unique
obstruction to existence of a holomorphic connection [1], hence £ admits a holomorphic
connection precisely when there exists ¢ € C®°(X \ M, (T19X)* ® £ ® £*) such that
d¢ = Fyg. In particular, note that Fy_, has curvature of type (2,0), hence V — ¢ is the
required holomorphic connection. Now choose p € M and a sufficiently small coordinate
neighbourhood U4, such that M N4, is biholomorphically equivalent to R” M A above.
For any non-vanishing holomorphic vector field £ corresponding to a section of H!-? on
Up, let Y := @&, so that the equation 3y = Fy £ is satisfied on U,,. Existence of £ then
follows directly from the preceding theorem. To verify uniqueness, let £, &, — X denote
vector bundle extensions obtained by the above process, i.e., &1 |x\M= & |x\m= £. Let
& € I'(X\ M, & ®E&}) denote the isomorphism between these holomorphic bundles when
restricted to the complement of M, hence det(®), # 0 for all p € X \ M. In a similar
manner to the above, @ may be extended uniquely to X via Hartogs’ theorem, hence if it is
non-empty, the vanishing locus of det(®) is now supported by an analytic hypersurface in
X, which must intersect X \ M. However, this clearly contradicts the fact that @ |x\ s is an
isomorphism, hence £ = & = £. Tt remains to observe that the converse statement follows
from Cartan’s Theorem B when X is a Stein manifold, since the cohomology obstruction
to existence of a holomorphic connection on & — X vanishes. a

Corollary 3. Let L be a real line in R*, and £ — B\ L a Hermitian-holomorphic vector
bundle over a ball minus L, with a compatible connection V. Suppose & is a non-vanishing
holomorphic vector field on C? such that the flow of € intersects each point of L transversely.
If there exists v € C*°(B\ L, & ® £*) such that 0y = Fy &, then there exists a unique
Hermitian potential A over the ball, which is gauge-equivalent to the potential associated
with V over B \ L.

Proof. Consider 7 : C2 — C the projection which deletes z;. Note that 7 ~'(z0) N L = @
for all zo € C\ (L), otherwise the intersection consists of a single point. If L¢ denotes the
complexification of L as a complex subspace of C2, forall p € Blet A(p) := 7~ (w(p))N
L¢. Now choose p € L N B and sufficiently small numbers S > ¢ € Ry such that

N(p,e):={p' € Bllz(A(p)) —z1(p)| <&, |z1(p)) — 21(p)| < S}.
Moreover for S > R > ¢, let

Tp(R, ) == (p' e N(p, &) | l1(p') — z1(p)| < R},
so that

{P e N(p, &) | 1z1(P) — 21 (PD] < R — &} C Tp(R, ¢).
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Note (N (p, €)) is adisc in C, and N (p, €) \ L contains

N(p, e)\Tp(R, &) =n(N(p,e)) x {z1 € C| R < |z; — z1(p)| < S}.
Now let

Dp:={p e N(p,e)\Tp(R, &) |z1 =c} Ex(N(p,¢)) CC,

and observe that £ |p,= O by the Oka-Grauert Principle. Choose g and a sufﬁciently
small open nelghbourhood B, in TN (p, €)\ L), such that 7~ (By)NL = 0. Now Bq =

“‘(B n N(p €) has B N D, = By, hence define a Hartogs figure H, := (N (p, €) \
T,(R, &)U B Now, w1thout loss of generality, assume £ := 9/0z; on a sufficiently small
neighbourhood of p. The remainder of the argument proceeds as in Theorem 2 above. O

Remark 2. Note that a special case of the above corresponds to V an anti-self-dual con-
nection with respect to the associated unitary structure.

As a final corollary to the main theorem, consider B a ball in R3,and E — B \ {0}
a unitary vector bundle, with Hermitian connection V represented locally by a potential
A = A;dx; + Aydxy; + Ajdx3. The static Bogomolny equation for monopoles is a field
equation on R* which may be realised as a time-independent reduction of the anti-self-dual
Yang-Mills equation on R*. In particular, if 7 : R* — R? simply deletes the ¢-coordinate,
then

a*Fy + n*(xFy) A dt 4)

naturally defines an anti-self-dual two-form on R* (note that the Hodge star in (4) refers
to forms on R?). A Hermitian connection V' on 7*& for which (4) corresponds to Fy can
be constructed in each local frame by defining A’ := A + ¢ df such that the (Bogomolny)
equation

Fy =2x(de +[A, ¢])

is satisfied. Here ¢ represents the “electrostatic potential” of the monopole field (cf. [9]).
Recall that V' is compatible with the holomorphic structure of 7*£ over 7*B C C?, hence
-+ is represented locally by matrices of the form

A% = LA +iA) dZ + < (A3 +ip) dzs,

with respect to complex coordinates z; = x) + ixp, zp = x3 + it. Define an operator
D:C®(E) - CP(CR®TR)* @ &)

such that for any section o of £,

D(0) := 0x+em™(0) legTR? -
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As aslight abuse of notation we shall use “D” also to denote the induced operator on £ @ £*.

Corollary 4. Let Fy = Z, ,F,, , dx, A dx, represent a static monopole field on B\ {0} C
R3. If there exists € C®(B\ {0}, £ ® £*) such that

d
Dy =Fv|—,
0z]
then there exists a unique connection over B which is gauge-equivalent to V over B \ {0}.

d J d
For =a*(Fy|l— | —a* [ xFy|— |} dr 5
vJ821 7 ( vJam) ( VJ821> (5)

Proof. Note

while it is easily checked that

a _ a
Fy|— =-i (Fl,z dz; + (*FVJ—) dxa) (6)
92 9z
Moreover, v € C*(B \ {0}, £ ® £*) implies that in any local frame
— d 1
prem™ (W) = ¥ (DY) — i (5; + 3 (A3 + i<P)) () d (7
3

But Dy = Fy|3/dz;, together with (6), implies

v 1 3
— 4+ (A i =—i|xFy|]— ],
o +2( 3+ i)y l(* VJBZ1)

hence from (5) and (7) it follows that 8 +sm*(y) = Fy/| 8‘21' Now consider any ball
B’ € R* such that B’ N R® = B, let L correspond to the ¢-axis, and apply the previous
corollary. The unique anti-self-dual connection obtained on B’ is gauge-equivalent to V',

hence time-independent, and satisfies the Bogomolny equation on B. m]
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